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Abstract
We provide a systematic account of integrability of the spherical mechanics associated with the near horizon
extremal Myers–Perry black hole in arbitrary dimension for the special case that all rotation parameters
are equal. The integrability is established both in the original coordinates and in action–angle variables.
It is demonstrated that the spherical mechanics associated with the black hole in d = 2n + 1 is maximally
superintegrable, while its counterpart related to the black hole in d = 2n lacks for only one integral of motion
to be maximally superintegrable.
1 Introduction
Models of conformal mechanics associated with near horizon geometry of extremal black holes in diverse dimen-
sions are being extensively studied for more than a decade (see e.g. [1]–[16] and references therein). There are
several reasons to be concerned about such systems. On the one hand, they provide a useful means of studying
geometry of vacuum solutions of the Einstein equations. For example, the geodesic equations for a massive
particle in the Kerr space–time admit a quadratic first integral [17], which can be linked to the second rank
Killing tensor [18]. The use of conformal mechanics enables one to establish its reducibility in the near horizon
limit [10, 11]. On the other hand, it is expected that some variant of conformal mechanics will turn out to be
useful within the context of the AdS2/CFT 1–duality and/or the Kerr/CFT–correspondence.
A remarkable property of the near horizon extremal black hole in arbitrary dimension is that its isometry
group involves the conformal factor SO(2, 1) (see e.g. [19]). Because Killing vectors are linked to first integrals of
the geodesic equations, a massive relativistic particle propagating on such a background inherits the conformal
invariance and belongs to the class of conformal mechanics models. A salient feature of this system is that, by
applying a suitable canonical transformation, the radial canonical pair can be separated from angular variables
and the model can be put in the conventional conformal mechanics form [5, 9, 13]. At the off–shell Lagrangian
level the radial motion of the particle was related to d = 1 conformal mechanics in an earlier paper [7]. Because
the variables are separated, the angular sector can be studied in its own right. In particular, the Casimir element
of the conformal algebra so(2, 1) realized in the original relativistic particle determines the Hamiltonian of a
reduces mechanics [20]. In what follows we call it the spherical mechanics. It is important to notice that if
the isometry group G of a near horizon black hole configuration has the direct product structure SO(2, 1)×H ,
where H is a subgroup of G, then the spherical mechanics inherits the invariance under the action of H .
Although the spherical mechanics related to nonrelativistic conformal many–body models has been exten-
sively investigated in a series of works [20]-[24], systems originating from near horizon extremal black hole
geometries remain almost completely unexplored. Yet, it is true that they may provide new nontrivial exam-
ples of superintegrable interacting models. In a recent work [16], the Hamiltonian of a spherical mechanics
associated with the near horizon geometry of the extremal Myers–Perry black hole in arbitrary dimension has
been constructed for the special case that all rotation parameters are equal. This configuration is maximally
symmetric and possesses SO(2, 1)× U(n) isometry groups for d = 2n+ 1 and SO(2, 1)× U(n− 1) for d = 2n,
respectively. While integrability of such a spherical mechanics has been announced in [16], no explicit proof has
been given. The purpose of this work is to provide a carefully argued and systematic account of the integrabil-
ity and, furthermore, the superintegrability1 of this model. The analysis is facilitated in spherical coordinates,
in which complete separation of variables occurs. The model related to the extremal rotating black hole in
d = 2n + 1 dimensions turns out to be maximally superintegrable, while its counterpart associated with the
black hole in d = 2n dimensions lacks for only one first integral to be maximally superintegrable. The former
system is shown to contain the latter as a subsystem, which correlates with the fact that the background metrics
1Recall that a Hamiltonian system with 2n phase space degrees of freedom is called Liouville integrable if it admits n functionally
independent integrals of motion in involution. If there are more than n such integrals, the model is called superintegrable. A maximal
number of functionally independent integrals of motion is 2n − 1. Systems possessing 2n − 1 first integrals are called maximally
superintegrable.
1
in d = 2n + 1 and d = 2(n + 1) have the same isometry group. We also construct the action-angle variables,
which make semiclassical quantization of the models immediately feasible.
The work is organized as follows. In Sect. 2 we consider the near horizon metrics describing the extremal
Myers–Perry black hole in arbitrary dimension for the special case that all rotation parameters are equal with
a special emphasis on their symmetries. In particular, we demonstrate that for d = 2n+ 1 the isometry group
is SO(2, 1) × U(n) and for d = 2n it is SO(2, 1) × U(n − 1). In Sect. 3 the basic idea behind the spherical
mechanics is reviewed and a canonical transformation, which splits the radial canonical pair from the rest and
brings the model of a massive relativistic particle moving near the horizon of an extremal black hole to the
conventional conformal mechanics form, is given. Sect. 4 is devoted to a systematic account of a maximal
superintegrability of the spherical mechanics associated with the near horizon extremal rotating black hole in
d = 2n+ 1 dimensions. A model related to a similar black hole in d = 2n is analyzed in Sect. 5 and is shown
to lack for only one constant of the motion to be maximally superintegrable. We summarize our results and
discuss possible further developments in the concluding Sect. 6.
2 Near horizon metrics and their symmetries
2.1 d = 2n+ 1
A vacuum solution of the Einstein equations describing the Myers–Perry black hole in d = 2n+ 1 dimensions
for the special case that all n rotation parameters are equal reads [25]
ds2 =
∆
U
(
dt− a
n∑
i=1
µ2i dφi
)2
− U
∆
dr2 − 1
r2
n∑
i=1
µ2i
(
adt− (r2 + a2)dφi
)2
−(r2 + a2)
n∑
i=1
dµ2i +
a2(r2 + a2)
r2
n∑
i<j
µ2iµ
2
j (dφi − dφj)2, (1)
∆ =
(r2 + a2)
n
r2
− 2M, U = (r2 + a2)n−1, µ2n = 1−
n−1∑
i=1
µ2i ,
whereM stands for the mass and a is the rotation parameter. In what follows we focus on the extremal solution,
for which
M =
nnr0
2n−2
2
, a2 = (n− 1)r20. (2)
These conditions follow from the requirement that ∆(r) has a double zero at the horizon radius r = r0.
The isometry group of (1) is U(1)×U(n). The first factor corresponds to time translations, while the second
factor describes the enhanced symmetry U(1)n → U(n), which occurs if all rotation parameters of the black
hole are set equal. In order to make U(n) explicit, one parametrizes n spatial two–planes, in which the black
hole may rotate, by the coordinates (see, e.g., Ref. [26])
xi = rµi cosφi, yi = rµi sinφi, (3)
where i = 1, . . . , n, and constructs the vector fields
ξij = xi
∂
∂xj
− xj ∂
∂xi
+ yi
∂
∂yj
− yj ∂
∂yi
, ρij = xi
∂
∂yj
− yj ∂
∂xi
+ xj
∂
∂yi
− yi ∂
∂xj
. (4)
These are antisymmetric and symmetric in their indices, respectively, and obey the structure relations of u(n)2
[ξij , ξrs] = δjrξis + δisξjr − δirξjs − δjsξir , [ρij , ρrs] = −δjrξis − δirξjs − δisξjr − δjsξir,
[ξij , ρrs] = δjrρis + δjsρir − δirρjs − δisρjr. (5)
It is straightforward to verify that (4) are the Killing vectors of the original black hole metric. Another way to
reveal the U(n)–symmetry is to introduce the complex coordinates
zj = rµje
iφj (6)
2The conventional structure relations of u(n) are derived form (5) by considering another basis Eab =
1
2
(ξab+ iρab), the Casimir
elements of u(n) being C1 = Ei1i1 , C2 = Ei1i2Ei2i1 , . . . , Cn = Ei1i2Ei2i3 . . . Eini1 .
2
and rewrite the metric in terms of them. In the complex notation the unitary symmetry is manifest.
In order to construct the near horizon metric, one redefines the coordinates [16]
r → r0 + ǫr0r, t → nr0t
2(n− 1)ǫ , φi → φi +
r0t
2aǫ
(7)
and then sends ǫ to zero. This yields
ds2 = r2dt2 − dr
2
r2
− 2n(n− 1)
n∑
i=1
dµ2i − 2
n∑
i=1
µ2i (rdt+ n
√
n− 1dφi)2 +
+2n(n− 1)2
n∑
i<j
µ2iµ
2
j(dφi − dφj)2, µ2n = 1−
n−1∑
i=1
µ2i . (8)
It is straightforward to verify that (8) is a vacuum solution of the Einstein equations. The near horizon metric
has a larger symmetry. In addition to U(1)×U(n) transformations considered above, the isometry group of (8)
includes the dilatation
t′ = t+ λt, r′ = r − λr, (9)
and the special conformal transformation
t′ = t+ (t2 +
1
r2
)σ, r′ = r − 2trσ, φ′i = φi −
2
rn
√
n− 1σ, (10)
which all together form SO(2, 1)× U(n), the first factor being the conformal group in one dimension.
2.2 d = 2n
A vacuum solution of the Einstein equations describing the Myers–Perry black hole in d = 2n dimensions for
the special case that all n− 1 rotation parameters are equal, reads [25]
ds2 =
∆
U
(
dt− a
n−1∑
i=1
µ2i dφi
)2
− U
∆
dr2 − (r
2 + a2)
n−2
rU
n−1∑
i=1
µ2i
(
adt− (r2 + a2)dφi
)2
−(r2 + a2)
n−1∑
i=1
dµ2i − r2dµ2n +
a2(r2 + a2)
n−1
rU
n−1∑
i<j
µ2iµ
2
j(dφi − dφj)2, (11)
∆ =
1
r
(r2 + a2)
n−1 − 2M, U = 1
r
(r2 + a2)
n−2
(r2 + a2µ2n), µ
2
n = 1−
n−1∑
i=1
µ2i ,
where M is the mass and a is the rotation parameter. As compared to the previous case, the number of the
azimuthal coordinates is decreased by one. For the extremal solution ∆ has a double zero at the horizon radius
r = r0. In particular, from ∆(r0) = 0 and ∆
′(r0) = 0 one finds
M =
r2n−30 [2(n− 1)]n−1
2
, a2 = (2n− 3)r20 . (12)
The isometry group of (11) includes time translations and the enhanced rotational symmetry U(1)n−1 →
U(n−1), which is a consequence of setting all the rotation parameters equal. The unitary symmetry is manifest
in the complex coordinates
zj = µje
iφj = xj + iyj. (13)
The corresponding Killing vector fields are realized as in Eq. (4) with xi and yi taken from the previous line.
In order to implement the near horizon limit, one redefines the coordinates
r → r0 + ǫr0r, t → 2(n− 1)r0t
(2n− 3)ǫ , φi → φi +
r0t
aǫ
, (14)
3
and then sends ǫ to zero, which yields [16]
ds2 = ρ20
(
r2dt2 − dr
2
r2
)
− 2(n− 1)
n−1∑
i=1
dµ2i − dµ2n +
2(n− 1)
ρ20
n−1∑
i<j
µ2iµ
2
j (dφi − dφj)2 −
− 4
(2n− 3)2ρ20
n−1∑
i=1
µ2i (rdt + (n− 1)
√
2n− 3dφi)2, (15)
ρ20 =
1 + (2n− 3)µ2n
2n− 3 , µ
2
n = 1−
n−1∑
i=1
µ2i .
It is straightforward to verify that (15) is a vacuum solution of the Einstein equations. Like in d = 2n+ 1, the
near horizon metric exhibits additional conformal symmetry, which is realized as in Eqs. (9) and (10) with the
obvious alteration of the special conformal transformation
φ′i = φi −
2
r(n− 1)√2n− 3σ (16)
acting on the azimuthal angular variables. Thus, for d = 2n the near horizon symmetry is SO(2, 1)×U(n− 1).
3 Spherical mechanics
Spherical mechanics has been introduced in [20] as a specific sector of a generic Hamiltonian mechanics invariant
under the action of SO(2, 1) group. In general, conformal mechanics is described by the triple H , D = tH+D0,
K = t2H +2tD0+K0, where D0 = D|t=0, K0 = K|t=0 and t is the temporal coordinate, obeying the structure
relations of so(2, 1) algebra under the Poisson bracket
{H,D} = H, {H,K} = 2D, {D,K} = K. (17)
H is treated as the Hamiltonian, while D and K are conserved charges corresponding to the dilatations and
the special conformal transformations, respectively. Note that H , D0 and K0 obey the structure relations of
so(2, 1) as well. The latter fact allows one to separate the radial canonical pair from the rest by introducing
the new radial coordinate [20]
R =
√
2K0, pR = − 2D0√
2K0
⇒ {R, pR} = 1 (18)
such that
H =
1
2
p2R +
2I
R2
, (19)
where I is the Casimir element of so(2, 1)
I = HK −D2 = HK0 −D20. (20)
In general, I is at most quadratic in momenta canonically conjugate to the remaining angular variables. For
this reason it can be viewed as the Hamiltonian of a reduced mechanics, called in [20] the spherical mechanics.
As was demonstrated above, the near horizon geometry of the extremal rotating black hole in arbitrary
dimension exhibits SO(2, 1) symmetry. Because Killing vectors are linked to first integrals of the geodesic
equations, the model of a massive relativistic particle propagating on such a background is automatically
conformal invariant. In this framework the generators of the conformal algebra schematically look as follows
H = r
(√
(rpr)
2
+ L(µ, pµ, pφ)− f(pφ)
)
, D0 = rpr, K0 =
1
r
(√
(rpr)
2
+ L(µ, pµ, pφ) + f(pφ)
)
, (21)
where the function L(µ, pµ, pφ) is at most quadratic in the momenta pµi , pφi canonically conjugate to the
angular variables µi, φi, while f(pφ) is linear in the momenta. Their explicit form depends on the details of a
black hole under consideration [9]-[13]. A comparison with (20) gives3
I = L(µ, pµ, pφ)− f(pφ)2. (22)
3It is worth mentioning that for the Kerr black hole L(µ, pµ, pφ) can be linked to the near horizon Killing tensor of the second
rank [10, 11].
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However, with respect to the Poisson bracket the new radial variables (R, pR) do not commute with pa =
(pµ, pφ), ϕ
a = (µ, φ). In order to split them, we perform a canonical transformation (r, pr, ϕ
a, pa)→ (R, pR, ϕ˜a, p˜a),
which is defined by (18) and by the following transformation of the remaining variables (for related earlier studies
see [5, 9, 13])
ϕ˜a = ϕa+
∂U
∂pa
, p˜a = pa− ∂U
∂ϕa
, U(rpr, pa, ϕ
a) ≡ 1
2
∫
x=rpr
dx log
(√
x2/4 + L(pa, ϕa) + f(pa)
)
. (23)
As a result, (R, pR) and (ϕ˜
a, p˜a) constitute canonical pairs. In contrast with the canonical transformation
suggested in [13], the one above does not appeal to a formulation in terms of action-angle variables.
Thus, by applying a proper canonical transformation one can bring the model of a massive relativistic
particle moving near the horizon of an extremal black hole to the conventional conformal mechanics form.
Important information about the system, which was originally defined in d dimensions, is thus imprinted in the
(d− 2)–dimensional spherical mechanics, which derives from it.
For the extremal black hole with equal rotation parameters the Hamiltonian of a spherical mechanics was
derived in [16]. In the case of d = 2n+ 1 dimensions one finds
I =
n−1∑
i,j=1
(δij − µiµj)pµipµj +
n∑
i=1
p2φi
µ2i
− (n+ 1)
n
(
n∑
i=1
pφi
)2
, (24)
where (µi, pµi), i = 1, . . . , n−1 and (φj , pφj ), j = 1, . . . , n form canonical pairs obeying the conventional Poisson
brackets {µi, pµj} = δij , {φi, pφj} = δij and µ2n entering the second sum in (24) is found from the unit sphere
equation
∑n
i=1 µ
2
i = 1. For d = 2n the Hamiltonian, which governs the corresponding spherical mechanics,
reads
I =
n−1∑
i,j=1
((2n− 3)ρ20δij − µiµj)pµipµj +
n−1∑
i,j=1
(
(2n− 3)ρ20
µ2i
δij − (2n− 3)
2
ρ20
2(n− 1) −
2
n− 1
)
pφipφj +m
2ρ20,
ρ20 =
2(n− 1)
2n− 3 −
n−1∑
i=1
µ2i , (25)
where (µi, pµi) and (φj , pφj ), j = 1, . . . , n − 1 form canonical pairs and m2 is a coupling constant. Note that,
as compared to the previous case, the number of the azimuthal coordinates is decreased by one.
Because the azimuthal angular variables φi are cyclic, it is natural to consider a reduction in which they are
discarded. This is achieved by setting in (24) and (25) the momenta canonically conjugate to φi to be coupling
constants
pφi → gi. (26)
Note that, after such a reduction, both (24) and (25) yield dynamical systems, which contain (n−1) configuration
space degrees of freedom. The rest of this paper is devoted to a systematic study of the reduced models.
4 Spherical mechanics related with black hole in d = 2n+ 1
For the spherical mechanics (24) associated with the extremal rotating black hole in d = 2n+1 dimensions the
reduction (26) yields4
I =
n−1∑
i,j=1
(δij − µiµj)pµipµj +
n∑
i=1
g2i
µ2i
, µ2n = 1−
n−1∑
i=1
µ2i . (27)
Since the first term in (27) involves the inverse metric on an (n − 1)–dimensional sphere, the model can be
interpreted as a particle moving on Sn−1 in the external field.
The analysis of integrability of (27) is facilitated in spherical coordinates. Introducing one angle at a time
µn = cos θn−1, µi = xi sin θn−1,
n−1∑
i=1
x2i = 1 (28)
4We denote the reduced Hamiltonian by the same letter I. This does not cause confusion, because, from now on, we abandon
the parent formulations (24) and (25).
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and computing the metric induced on the sphere
∑n
a=1 dµ
2
a and its inverse, one can bring (27) to the form
I = p2θn−1 +
g2n
cos2 θn−1
+
1
sin2 θn−1
 n−2∑
i,j=1
(δij − xixj)pipj +
n−1∑
i=1
g2i
x2i
 , (29)
x2n−1 = 1−
n−2∑
i=1
x2i ,
where pi are momenta canonically conjugate to xi, i = 1, . . . , n − 2. Thus, the canonical pair (θn−1, pθn−1) is
separated, while the expression in braces gives the first integral of the Hamiltonian (29). Because its structure
is analogous to (27), one can proceed along the same lines
xn−1 = cos θn−2, xa = ya sin θn−2,
n−2∑
a=1
y2a = 1 (30)
until one achieves a complete separation of the variables. The resulting Hamiltonian is a kind of matryoshka
doll
I = Fn−1, (31)
where Fn−1 is derived from the recurrence relation
Fi = p
2
θi
+
g2i+1
cos2 θi
+
Fi−1
sin2 θi
, (32)
with i = 1, . . . , n− 1 and F0 = g21 . The functionally independent integrals of motion in involution Fi ensure the
integrability of (27). To avoid confusion, let us stress that, given n, the Hamiltonian (31) describes a system
with (n − 1) configuration space degrees of freedom. Note that in a different context this model has been
discussed in [26]. Worth mentioning also is that, if a system with the Hamiltonian Fi−1 has some integrals of
motion, these automatically are the integrals of motion of a larger system governed by the Hamiltonian Fi. For
n = 2 Eq. (29) reproduces the celebrated Po¨schl–Teller model [27].
Although the integrability of (27) is obvious in spherical coordinates, the fact that the model is maximally
superintegrable is less evident. In order to prove it, we resort to the parent formulation (24) and analyze how
the reduction (26) affects the symmetries (4) 5. First of all, we notice that ρii (no summation over repeated
indices) generates rotation in the i–th plane. Within the canonical framework it is represented by ρii = 2pφi .
Then the very nature of the reduction mechanism (26) suggests that those generators in (4), which Poisson
commute with ρii, will be symmetries of the reduced Hamiltonian (27). Because (24) was constructed from the
Casimir elements of u(n), it is straightforward to verify that the combinations (no summation over repeated
indices)
Iij = ξ
2
ij + ρ
2
ij (33)
with i < j generate the desired symmetries.
Before we proceed to treat the general case, it proves instructive to illustrate the construction by the examples
of n = 3 and n = 4, which correspond to seven–dimensional and nine–dimensional black hole configurations.
For n = 3 the Hamiltonian reads6
I2 = p2θ2 +
g23
cos2 θ2
+
1
sin2 θ2
(
p2θ1 +
g21
sin2 θ1
+
g22
cos2 θ1
)
. (34)
In order to construct the integrals of motion, one makes use of (3) and (4)
ξ12 = −pθ1 cosφ12 + (pφ1 cot θ1 + pφ2 tan θ1) sinφ12,
ξ13 = − (pθ1 cos θ1 cot θ2 + pθ2 sin θ1) cosφ13 +
(
pφ1
cot θ2
sin θ1
+ pφ3 sin θ1 tan θ2
)
sinφ13,
5A realization of U(n) in (24) is derived from Eq. (4) by the standard substitution ∂
∂µi
→ pµi ,
∂
∂φi
→ pφi , which links the
Killing vectors to the first integrals of the Hamiltonian mechanics. The Hamiltonian (24) proves to be a combination of the first
two Casimir elements ξ2ij + ρ
2
ij and (ρii)
2.
6Here and in what follows the subscript attached to the Hamiltonian refers to the number of configuration space degrees of
freedom in the model.
6
ξ23 = (pθ1 sin θ1 cot θ2 − pθ2 cos θ1) cosφ23 +
(
pφ2
cot θ2
cos θ1
+ pφ3 cos θ1 tan θ2
)
sinφ23,
ρ12 = pθ1 sinφ12 + (pφ1 cot θ1 + pφ2 tan θ1) cosφ12,
ρ13 = (pθ1 cos θ1 cot θ2 + pθ2 sin θ1) sinφ13 +
(
pφ1
cot θ2
sin θ1
+ pφ3 sin θ1 tan θ2
)
cosφ13,
ρ23 = − (pθ1 sin θ1 cot θ2 − pθ2 cos θ1) sinφ23 +
(
pφ2
cot θ2
cos θ1
+ pφ3 cos θ1 tan θ2
)
cosφ23,
ρ11 = 2pφ1, ρ22 = 2pφ2 , ρ33 = 2pφ3 , (35)
where we abbreviated φij = φi − φj , which after implementing the reduction (26) yield
I˜12 = p
2
θ1
+
g21
sin2 θ1
+
g22
cos2 θ1
,
I˜13 = (pθ1 cos θ1 cot θ2 + pθ2 sin θ1)
2
+
(
g1
cot θ2
sin θ1
+ g3 sin θ1 tan θ2
)2
,
I˜23 = (pθ1 sin θ1 cot θ2 − pθ2 cos θ1)2 +
(
g2
cot θ2
cos θ1
+ g3 cos θ1 tan θ2
)2
. (36)
It is straightforward to verify that the vectors ∂AI˜ij , where A = (θ1, θ2, pθ1 , pθ2) are linearly independent and,
hence, the first integrals are functionally independent. Because the Hamiltonian is constructed from I˜ij
7
I2 = I˜12 + I˜13 + I˜23 + g3(g3 − 2g1 − 2g2), (37)
one has three functionally independent integrals of motion for a system with two degrees of freedom and, hence,
the model is maximally superintegrable. Note that the algebra formed by I˜ij is nonlinear. It is convenient to treat
the Hamiltonian I2 (with the additive constant g3(g3− 2g1− 2g2) being discarded) and I˜12 as the first integrals
in involution, while I˜23 is the additional first integral, which renders the model maximally superintegrable.
The case n = 4 is treated likewise. From Eqs. (31) and (32) one derives the Hamiltonian
I3 = p2θ3 +
g24
cos2 θ3
+
1
sin2 θ3
[
p2θ2 +
g23
cos2 θ2
+
1
sin2 θ2
(
p2θ1 +
g22
cos2 θ1
+
g21
sin2 θ1
)]
,
(38)
while the first integrals prove to be exhausted by those in (36) and three more functions
I˜14 =
(
pθ1
cos θ1 cot θ3
sin θ2
+ pθ2 sin θ1 cos θ2 cot θ3 + pθ3 sin θ1 sin θ2
)2
+
(
g1
cot θ3
sin θ1 sin θ2
+
g4 sin θ1 sin θ2 tan θ3
)2
,
I˜24 =
(
pθ1
sin θ1 cot θ3
sin θ2
− pθ2 cos θ1 cos θ2 cot θ3 − pθ3 cos θ1 sin θ2
)2
+
(
g2
cot θ3
cos θ1 sin θ2
+
g4 cos θ1 sin θ2 tan θ3
)2
,
I˜34 =
(
pθ2 sin θ2 cot θ3 − pθ3 cos θ2
)2
+
(
g3
cot θ3
cos θ2
+ g4 cos θ2 tan θ3
)2
. (39)
As in the preceding case, the Hamiltonian is a combination of I˜ij
I3 =
4∑
i<j
I˜ij + (g3 − g4)2 − 2g1(g3 + g4)− 2g2(g3 + g4). (40)
7Recall that the parent Hamiltonian (24) was constructed from the Casimir elements of u(n). Up to a constant, the sum∑n
i<j=1
I˜ij is what is left after the reduction.
7
Because for a system with n configuration space degrees of freedom the maximal number of functionally inde-
pendent integrals of motion is 2n− 1, the set (36) and (39) is overcomplete and only five functions prove to be
independent.
That for generic n the model is maximally superintegrable can now be proved by induction. For n = 2 the
systems involves only one configuration space degree of freedom and the Hamiltonian is the only integral of
motion. For n = 3 we choose I2, I˜12 and I˜23 to be the functionally independent first integrals. When passing
from n = 3 to n = 4, the integrals of motion of the former model are automatically the integrals of motion of
the latter. To complete the set, we choose I3 and I˜34. Obviously, this process can be continued to any order.
Given a superintegrable system with the Hamiltonian In−1, n− 1 configuration space degrees of freedom and
2(n− 1)− 1 functionally independent integrals of motion, one introduces one more configuration space degree
of freedom and two new integrals of motion In and
I˜n−1,n =
(
pθn−2 sin θn−2 cot θn−1 − pθn−1 cos θn−2
)2
+
(
gn−1
cot θn−1
cos θn−2
+ gn cos θn−2 tan θn−1
)2
, (41)
which all together describe a system with n configuration space degrees of freedom and 2n − 1 functionally
independent integrals of motion.
Let us construct the action–angle variables for the system. Following the standard procedure [28], one
introduces the generating function
Sodd(Fi, |gi|, θi) =
n−1∑
i=1
∫
pθi(F1, . . . , Fn−1, θi)dθi, (42)
where pθi(F1, . . . , Fn−1, θi) are to be expressed from (32). For the action variables one has
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Ii =
1
2π
∮
dθi
√Fi − Fi−1
sin2 θi
− g
2
i+1
cos2 θi
 = 1
2
(
√
Fi −
√
Fi−1 − |gi+1|), (43)
which can be inverted to yield
Fi =
(
2
i∑
k=1
Ik +
i+1∑
k=1
|gk|
)2
. (44)
The angle variables are defined by
Φoddi =
∂Sodd
∂Ii
=
n−1∑
k=i
arcsinXk + 2
n−1∑
k=i+1
arctanYk, (45)
where we abbriviated
Xk =
(Fk+Fk−1−g2k+1)−2Fk sin
2 θk√
(−Fk+Fk−1−g2k+1)
2
−4Fkg2k+1
Yk = 2
(Fk+Fk−1−g2k+1)
√
Fk sin2 θk cos2 θk−Fk−1 cos2 θk−g2k+1 sin
2 θk−sin
2 θk
√
Fk(Fk+Fk−1−g2k+1)
2
−F 2
k
Fk−1√
Fk−1(Fk+Fk−1−g2k+1)−2Fk sin2 θk)
(46)
Being rewritten in the action–angle variables, the Hamiltonian reads
I =
(
2
n−1∑
k=1
Ik +
n∑
k=1
|gk|
)2
, (47)
which coincides with the Hamiltonian of a free particle on an (n− 1)–dimensional sphere up to the shift of the
action variables [24]. Thus, the only difference with that case is the shift in the range of
∑
k Ik from [0,∞) to
[
∑n
k=1 |gˆk|,∞). Thus, the system possesses SO(n+ 1) symmetry and is, obviously, maximally superintegrable.
Let us discuss how hidden constants of the motion can be revealed within the action–angle formulation.
Evolution of the angle variables is governed by the equation (see, e.g., Refs. [24, 29])
dΦoddi
dt
= 2
(
2
n−1∑
k=1
Ik +
n∑
k=1
|gk|
)
. (48)
8For technical details on evaluating the integrals see e.g. Ref. [24].
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The expressions cos(Φoddi − Φoddj + const) define constants of the motion for any i, j = 1, . . . , n − 1 and only
n− 2 of these are functionally independent
Gi = cos
(
Φoddi − Φoddi+1
)
=
√
1−X2i (1− Y 2i+1)− 2XiYi+1
1 + Y 2i+1
, (49)
where i = 1, . . . , n−2. Because the (n−1)–dimensional system has (2n−3) functionally independent constants
of the motion, it is maximally superintegrable. The fact that the Hamiltonian is expressed via the action
variables in terms of elementary functions implies also that the system is exactly solvable.
5 Spherical mechanics related with black hole in d = 2n
For the spherical mechanics (25) associated with the extremal rotating black hole in d = 2n dimensions the
reduction (26) yields
I =
n−1∑
i,j=1
((2n− 3)ρ20δij − µiµj)pµipµj +
n−1∑
i=1
(2n− 3)ρ20g2i
µ2i
+ ν
n−1∑
i=1
µ2i , (50)
where ν and gi are coupling constants and ρ
2
0 is given in (25).
Like above, the proof of superintegrability of (50) is facilitated by introducing the spherical coordinates
µi = xi sin θn−1,
n−1∑
i=1
x2i = 1 ⇒
n−1∑
i=1
µ2i = sin
2 θn−1. (51)
In order to transform the kinetic term in (50), one inverts the metric then computes the line element in spherical
coordinates and then inverts it again. This yields
I = 2(n− 1)p2θn−1 + ν sin2 θn−1 +
(
2(n− 1)
sin2 θn−1
− 2n+ 3
) n−2∑
i,j=1
(δij − xixj)pipj +
n−1∑
i=1
g2i
x2i
 , (52)
where pi are momenta canonically conjugate to xi, i = 1, . . . , n − 2. Beautifully enough, the rightmost factor
in (52) is the Hamiltonian of a particle on Sn−2, which was studied in detail in the preceding Section. This
sector provides 2(n − 2) − 1 functionally independent integrals of motion, which correlates with the U(n − 1)
symmetry of the parent formulation (25). Because (52) involves one more canonical pair (θn−1, pθn−1) and only
one extra integral of motion (the Hamiltonian (52) itself), the full theory lacks for only one integral of motion
to be maximally superintegrable.
Let us construct action–angle variables for the system. In order to simplify the bulky formulae below, from
now on we change the notation n → n + 1, which corresponds to a black hole in d = 2(n+ 1) dimensions. To
avoid confusion, the corresponding Hamiltonian will be denoted by I0
I0 = 2np2θn + ν sin2 θn +
(
2n
sin2 θn
− 2n+ 1
)
Fn−1, (53)
with Fn−1 given in (32). One starts with the generating function
Seven =
n∑
i=1
∫
pθi(I0, F1, . . . , Fn−1, θi)dθi =
∫
pθn(I0, Fn−1, θn)dθn + Sodd, (54)
where Sodd has the structure similar to (42), and the expression for pθn is derived from the Hamiltonian I0.
The action variables I1, . . . In−1 coincide with those in the odd–dimensional case, while for In one gets
In =
√
−a−ν
8n
a+F1
(
1
2
, 1,−1
2
, 2, a+,
a+
a−
)
, (55)
where F1 is Appell’s first hypergeometric function (see e.g. [30]) and
a± = 1− I0
2ν
− 2n− 1
2ν
Fn−1 ±
√(
1− I0
2ν
− 2n− 1
2ν
Fn−1
)2
+
I0
ν
− Fn−1
ν
− 1. (56)
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Inverting this expressions, we would get the Hamiltonian written in terms of the action variables. Unfortunately,
this cannot be done in elementary functions. While the system under consideration is integrable, it fails to be
exactly solvable.
The angle variable conjugated to In reads
Φevenn =
∂I0
∂In
1√
8νna+
F
(
arcsin
√
a+
a+ − cos2 θn , 1−
a−
a+
)
, (57)
while other (n− 1) angle variables are defined by the expressions
Φeveni = Φ
odd
i −AΠ
(
1− 1
a+
, arcsin
√
a+
a+ − cos2 θn , 1−
a−
a+
)
+BF
(
arcsin
√
a+
a+ − cos2 θn , 1−
a−
a+
)
, (58)
where Φoddi were defined in the preceding section, F(φ|m) is the elliptic integral of the first kind, Π(n;φ|m) is
the elliptic integral of the third kind, and we abbriviated
A =
√
8nFn−1
ν
1√
a+(a+ − 1) , B = A+
√
2Fn−1√
nνa+
(
∂I0
∂Fn−1
+ 2n− 1
)
. (59)
It follows from (55) and (56), that the ratio of the effective frequencies ω1 = ∂I/∂In and ω2 = ∂I/∂Fn−1 is
not a rational number. Furthermore, it is a function of the action variables. Hence, although (ω2Φn − ω1Φi)
commute with the Hamiltonian I0, they are not periodic. As a result, using these functions one cannot define
additional globally defined constants of the motion (for a related discussions see [29, 24]). All hidden symmetries
of the model are thus contained in (49). Because the n-dimensional system has n+ (n− 2) = 2n− 2 constants
of the motion, it lacks for only one first integral to be maximally superintegrable system.
6 Concluding remarks
To summarize, in this work we provided a systematic account of integrability of spherical mechanics models
associated with the near horizon extremal Myers–Perry black hole in arbitrary dimension for the special case
that all rotation parameters are equal. The integrability was established both in the original coordinates and
in action–angle variables. It was demonstrated that the spherical mechanics associated with the black hole in
d = 2n+ 1 dimensions is maximally superintegrable, while its counterpart related to the black hole in d = 2n
lacks for only one constant of the motion to be maximally superintegrable.
Our analysis implies that the parent formulations (24) and (25) are superintegrable as well. Indeed, bearing
in mind the reduction formula (26), one can consider the generating functions for the parent formulation
Sodd,even(Fi, θi, pφi)+
∑
i pφiφi, where the first term is defined either by (42) or by (54), with gi being replaced
by pφi . From here its follows that the action variables for the parent systems are given by Ii and pφi . The
angle variables corresponding to Ii are the same as in the reduced models, while those corresponding to pφi are
φi+ ∂S
odd,even/∂pφi . Repeating the same arguments as for the reduced systems, one can verify that the parent
formulation related to the black hole in d = 2n+1 is maximally superintegrable, while that associated with the
black hole in d = 2n lucks for one integral of motion to become maximally superintegrable.
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